Abstract. The aim of this note is to provide a variant statement of Mumford's theorem. This variant states that for a general variety, all Chow groups are "as large as possible", in the sense that they cannot be supported on a divisor.
Introduction
Mumford's theorem [9] asserts that for a general variety over C, the Chow group of 0-cycles is very large. One version of Mumford's theorem states that for a variety X with geometric genus p g (X) non-zero, the Chow group A n X is not supported on any closed subvariety: Theorem 1.1. (Bloch-Srinivas [4] ) Let X be a smooth projective variety of dimension n, and suppose A n X Q is supported on a divisor. Then p g (X) = 0.
Since the seminal paper [4] , a plethora of variant statements and generalizations have seen the day (cf. [17, Chapter 3] for a recent and comprehensive overview of the field). The modest aim of this short expository note is to provide yet one more variant statement, showing that for a general variety, all Chow groups are very large. The price to pay for starting out not with 0-cycles but with cycles of arbitrary codimension i is that we need to assume the standard Lefschetz conjecture B(X). Here is the main result of this note: Theorem 1.2. Let X be a smooth projective variety, and suppose B(X) is true. Suppose there is an i such that the Chow group A i (X) Q is supported on a divisor. Then the cohomology group H i (X, Q) is supported on a divisor.
This can be used to provide instances of varieties for which all Chow groups are very large:
. Corollary 1.3. Let X be an abelian variety. Then no Chow group A i (X) Q is supported on a divisor.
More examples of this type are given below (Corollary 3.2); the same statement holds for any variety for which one knows B(X) and whose Hodge diamond is of maximal width. This is not surprising, and probably known to experts, yet we couldn't find a reference. Closely related results appear in work of Lewis [7] , [8] and Schoen [10] , yet their statements (as well as the proofs) are slightly different from ours.
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The present note was written while preparing for the Strasbourg "groupe de travail" based on the book [17] . I'd like to thank the participants of this groupe de travail for a very pleasant and stimulating atmosphere.
Convention . In this note, the word variety refers to a smooth projective algebraic variety over C.
The Lefschetz standard conjecture
Let X be a smooth projective variety of dimension n, and h ∈ H 2 (X, Q) the class of an ample line bundle. The hard Lefschetz theorem asserts that the map
obtained by cupping with h n−i is an isomorphism, for any i < n. One of the standard conjectures asserts that the inverse isomorphism is algebraic. Definition 2.1. For a given i < n, we say that B(X, i) holds if for all ample h the isomorphism
is induced by a correspondence. For later use, we recall the notion of geometric coniveau:
The geometric coniveau filtration on cohomology is defined as
where Z runs through all subschemes of X of codimension ≥ j.
We define a pool of examples for which B(X) is known to hold:
Definition 2.4. Let B be the class of varieties defined by the following rules:
(1) The following varieties are in B: (i) Curves and surfaces; (ii) Threefolds not of general type (i.e. having Kodaira dimension The fact that products and hyperplane sections preserve the truth of B(X) is well-known [6] . The statement for blow-ups is proven in [11] .
Remark 2.6. Point (iv) of Definition 2.4 implies that rationally connected fourfolds are in B. It also implies that all linear varieties (as defined in [13] ) are in B; this class includes toric varieties and spherical varieties. Point (v) implies that every threefold with h 0,2 = 0 is in B.
Remark 2.7. Point (3) of Definition 2.4 implies the following: if X is a variety of dimension ≤ 4, and X is birational to a variety in B, then X ∈ B.
3. Main result Theorem 3.1. Let X be a smooth projective variety over C. Suppose there is an i such that the Chow group A i (X) Q is supported on a divisor, and that B(X, j) is true for j ≤ i. Then the cohomology group H i (X, Q) is supported on a divisor. This is useful in showing the following: for a general variety, all the Chow groups are as large as possible. Here a "general variety" means a variety having Hodge diamond of maximal width, and "large Chow group" means not supported on a subvariety. By way of example, we present two explicit instances of Corollary 3.2:
Corollary 3.3. Let X be an abelian variety. Then no Chow group A i (X) Q is supported on a divisor. Corollary 3.4. Let L be any variety in B of dimension m. Let C 1 , . . . , C r be non-rational curves. Let
be a complete intersection of codimension ≥ m. Then no Chow group A i (X) Q is supported on a divisor.
Proof. (of Theorem 3.1) For i equal to n = dim X, this is Mumford's theorem. We will now suppose i < n.
The fact that B(X, j) is true for j ≤ i implies [6, Theorem 4-1] that the Künneth component of the diagonal
is algebraic. Let h ∈ H 2 (X, Q) be the class of a very ample line bundle, and let Y ⊂ X be a general complete intersection of dimension i with class
Q). The weak Lefschetz theorem gives a surjection
implying that actually π i is in the image of the composite map
Using Lemma 3.5 proved below, we can find an algebraic class
representing π i (i.e. the push-forward of π ′ i equals π i in H 2n (X × X, Q)). We can thus lift π ′ i to the Chow group A i (Y × X) Q and, under the assumption of Theorem 3.1, we can apply the Bloch-Srinivas argument [4] (in the form of Proposition 3.7 below) to get a decomposition
where Γ 1 (resp. Γ 2 ) is supported on Y ′ × X where Y ′ ⊂ Y is a divisor (resp. supported on Y × D, where D ⊂ X is a divisor). Going back to cohomology, this induces a decomposition of the Künneth component
with Γ 1 , Γ 2 as above. We now consider the action of the correspondence π i on H i (X, Q):
Because Γ 2 is supported on Y × D, we obviously have
As for Γ 1 , we have that Γ 1 is supported on Y ′ ×X. This means that the action of Γ 1 factors over
and hence
Lemma 3.5. Let X be a variety for which B(X, i) holds. Let Y ⊂ X a smooth complete intersection of dimension i and with
2 (X, Q) the class of an ample line bundle. Suppose a class
is algebraic. Then there exists an algebraic class
representing c.
Proof. Let γ denote the correspondence inducing the isomorphism
inverse to the cup-product with h n−i , and let ∆ ∈ H 2n (X × X, Q) denote the class of the diagonal. Then γ × ∆ is a correspondence that acts
It follows that
is algebraic. But then, denoting j : Y → X the inclusion, the restriction
is algebraic as well. But the composition j * j * is cup-product with h n−i on cohomology, so that
This implies that Proposition 3.7. (Bloch-Srinivas-style) Let X be a smooth projective variety of dimension n. Suppose that for some i = 1, . . . , n, the Chow group A i (X) Q is supported on a subvariety Z ⊂ X. Then for any variety Y , and any cycle π ∈ A i (X × Y ) Q , there is a decomposition
where Γ 1 is supported on Z × Y , and Γ 2 is supported on
Proof. We may suppose everything (X, Z, Y and π) is defined over a field k ⊂ C which is finitely generated over its prime subfield. Let k(Y ) denote the function field of Y . Since k(Y ) ⊂ C, we have a map
which is injective [3, Appendix to Lecture 1] . Hence the hypothesis on
) Q is supported on the subvariety Z. On the other hand,
where the limit is taken over opens U ⊂ Y [3, Appendix to lecture 1]. Given the cycle π, we can thus find an open j : U 0 ⊂ Y such that the restriction j * π equals some cycle γ on Z × U 0 :
Now defining Γ 1 ∈ A i (X × Y ) Q to be any cycle supported on Z × Y that restricts to γ, this means we have
i.e. the difference Γ 2 := π − Γ 1 is supported on X × (Y \ U 0 ). Remark 3.9. It is established in [2] that correspondences act on gradeds of the geometric coniveau filtration. This gives another way of concluding, at the end of the proof of Theorem 3.1, that
The more direct and explicit argument presented above was suggested by the anonymous referee, to whom we are grateful.
